The minimal theory of quasidilaton massive gravity with or without a Horndeski-type kinetic term for the quasidilaton field propagates only three physical modes: the two massive tensor polarizations and one scalar mode. This reduced number of degrees of freedom is realized by a Lorentz symmetry violation at cosmological scales and the presence of appropriate constraints that remove unwanted modes. Vacuum cosmological solutions have been considered in a previous work, and it has been shown that the late-time de Sitter attractor is stable under inhomogeneous perturbations. In this work, we explore the stability of cosmological solutions in the presence of matter fields. Assuming for simplicity that the quasidilaton scalar is on an attractor at the level of the background, we derive stability conditions in the subhorizon limit, and find the scalar sound speeds, as well as the modification with respect to general relativity to the gravitational potential in the quasistatic approximation. We also find that the speed limit of gravitational waves coincides with the speed of light for any homogeneous and isotropic cosmological background, on or away from the attractor.
II. ACTION IN THE UNITARY GAUGE
In order to construct a mass term for the physical metric field g µν , one needs to introduce an additional, fiducial, metric f µν . This non-dynamical metric is taken as part of the definition of the theory. In the minimal theory of quasidilaton massive gravity, thanks to the quasidilation symmetry of the action (c.f. (25)), one may choose a Minkowski fiducial metric and retain stable cosmological solutions [17, 18] . For the remainder of the paper, we will thus keep f µν = η µν .
The graviton mass term, formed by contractions between the fiducial metric and the physical metric, will break the general covariance of the theory. While one may recover covariance by introducing four Stückelberg scalar fields, in what follows we remain in the "unitary gauge": the gauge in which the Stückelberg fields do not appear. Note that once this gauge is chosen, a change of coordinates will correspond, in general, to a different physical solution.
Out of the two metrics, one can read off the ADM lapse functions, shift vectors, three dimensional metrics, and their inverses as
where (N , N i , γ ij , γ ij ) correspond to the physical sector, (M , M i ,γ ij ,γ ij ) correspond to the fiducial sector, and i, j, k ∈ {1, 2, 3}. Using both three-dimensional metrics, one may further define K i j and its inverse K i j such that
Building upon [18] 1 , the action for the minimal quasidilaton, in the presence of matter, may be written using the objects defined above as
whereS EH is a part that includes the Einstein-Hilbert action for the physical metric g µν (without cosmological constant, since this one is included in the graviton mass term),S σ is a part that includes the kinetic term of the quasidilaton scalar field σ, S pot is the precursor graviton mass term, S C is a part that includes the additional constraints which remove the scalar graviton mode, and S m is the matter action. For compactness, both kinetic terms for the graviton and the quasidilaton may be supplemented by a contribution from the quasidilaton cubic Horndeski sector, whose tertiary constraint mixes with the supplementary constraints used to minimize the number of physical degrees of freedom in the theory [18] . We thus rewrite the action in a way that includes these contributions into the kinetic terms, i.e. the Einstein-Hilbert action as
and the quasidilaton kinetic term as
where R (3) is the three-dimensional Ricci curvature, λ χ is a Lagrange multiplier,
and λ T is the Lagrange multiplier for a tertiary constraint arising from the Horndeski sector. In the expressions (5)- (6) , to simplify the form of the total action S we have replaced the usual extrinsic curvature K ij (and its trace K = γ ij K ij ) byK ij (and its traceK = γ ijK ij ), and replaced the usual canonical kinetic term for the quasidilaton scalar field X σ byX σ .
From here on, we use a semicolon to indicate covariant derivatives w.r.t. γ ij . The traces of K i j and K i j are denoted as K ≡ K i i and K ≡ K i i . Using these, the precursor graviton mass term is defined as
The cosmological constant is included in this potential term and is proportional to the parameter c 4 . The remainder constraints part of the action is further divided as
where
with i ∈ {1, 2, 3}. Here we have defined
Finally, for the matter action we assume that matter fields minimally couple to the 4-dimensional physical metric,
constructed from (N , N i , g ij ). Hereafter, for simplicity we consider a perfect fluid. In particular one may choose an actionà la Schutz and Sorkin [21] , implemented as in [14] 
where n = 
with X m = − 1 2 g µν ∇ µ φ m ∇ ν φ m the canonical kinetic term for the matter scalar field φ m and for which the density and the sound speed can be expressed as
In the latter case, when discussing perturbations, one needs to change variables to density perturbations δρ before taking the dust limit (P m /ρ m → 0, c 2 s,m → 0), as needs to be done when computing the effective gravitational constant.
The total action is built to be invariant under the quasidilatation symmetry
with σ 0 a constant. It has been shown in [17, 18] , that this allows the theory to contain stable self-accelerating background cosmologies without the need for a time dependence in the fiducial metric.
III. COSMOLOGICAL BACKGROUND A. Background equations
Although this action is involved on arbitrary backgrounds, it has been shown in [18] that on cosmological background, with line-element
and where all fields are taken to be time-dependent only, the only solution is such that
For matter, we set ρ m = ρ (0) m (t) but for the ease of notation drop the superscript (0). One can then obtain the background field equations from the mini-superspace action, which is greatly simplified compared to the general action.
To treat cosmological backgrounds with more ease, we define
The cosmological background equations are then written as
whereas the equations for λ i , E λ i , are trivially satisfied since they only include terms with spatial derivatives. We have defined the quantities
which can be interpreted as the contributions coming from the coupled sectors of the quasidilaton-field and the graviton-mass-term to the Friedmann equations. In these, for convenience we also have grouped
B. Cosmological attractor Just as in [18] , from the equation for λ, one can infer the existence of a late-time de Sitter attractor. In fact, Eq. (34) can be rewritten as
This result implies that
Notice that this result holds even in pure vacuum, i.e. this property is not changed by the presence of matter, since matter does not couple to λ. Notice that we do not consider the space-time to be de Sitter, rather, we will study the dynamics of the universe on an attractor solution. Such attractor solutions are defined by
On the attractor, one has thus further
We will not study the fine-tuned case α = 4 in this work. Instead, we will focus on the interval α > −4, for which the system tends to the attractor solution J = 0 -having then neglected the strongly coupled solution X = 0. Since, in general, the solution differs from the attractor solution by an inverse power law, the rate of change of such a deviation from the attractor (in a Hubble time) is −(4 + α), so that as long as α is not too close to -4, then the solution is quickly approximated by the attractor solution. Finally, we notice here, that in practice, one can solve the three background equations of motion (E 1 , E 2 , and E σ ) for P , r, andḢ.
IV. LINEAR PERTURBATIONS
We present here an analysis of the action quadratic in perturbations for the tensor, vector, and scalar sectors. The different helicities do not mix at linear level in the equations of motion, thus allowing to study them separately also at the level of the action. In the case of scalar perturbations, the background is chosen to satisfy the attractor condition (40) (with α > −4), whereas the analysis of vector and tensor perturbations is valid both on and away from the attractor.
A. Tensor modes
One may include tensor perturbations by assuming
where + and × denote the two different polarizations of tensor perturbations, and with
The
this theory to explain the late-time acceleration of the universe. We thus have µ T ≃ H 0 . In the following dispersion relation, for the tensor modes,
we have c 2 T = 1. This means that at all energy scales where m (≃ 10 −33 eV) is negligible, e.g. for astrophysical phenomena, one recovers the same tensor mode phenomenology as in GR. In particular, this theory easily satisfies the bounds imposed by LIGO on the graviton mass, i.e. |µ T | < 1.2 × 10 −22 eV, see e.g. [22] .
B. Vector modes
The vector perturbations from the metric are given by
while among the remaining fields only λ i contributes by
since its background value is zero. All vector perturbations are taken to be transverse, i.e.
. Using the equations for δλ i one may integrate out all degrees of freedom, thus leaving no propagating vector mode. This was expected from the construction of the theory [18] . Again, this result is valid both on and away from the attractor (40).
C. Scalar modes
The scalar perturbations are given in the metric by
and in the remaining fields by
Matter fields are also expanded about their background value. In particular, we set ρ m = ρ (0) m (t) + δρ m , but drop the superscript (0) from the background quantity for the ease of notation. Here in particular, the background is set to be the attractor solution (40) which is expected to be reached at early times, as discussed in section III B. After expanding the action quadratically in these linear perturbations, one may integrate out the non-dynamical fields. Thus one obtains an action for propagating fields only, as well as equations setting the auxiliary variables.
Integration of the non-dynamical fields
The equation of motion for the field λ V sets the following constraint
The equation of motion for δλ χ sets another constraint, namely
We will use from later on the gauge-invariant combination
At this point we use the equation of motion for the field χ to integrate out the fieldα. After replacingα, we integrate out the field χ, via its own equation of motion. One can use the equation of motion for δλ in order to set a constraint for δX in terms of the other fields.
After integrating out δX and all remaining Lagrange multipliers, the reduced Lagrangian is a function of s, δσ, and δ, which can be written as follows
One can solve the equation of motion for s as
to integrate out s from the action. Then we perform the field redefinition
to find
where the order of each coefficient in the high-k limit is
We refer the reader to appendix A for further details in the decomposition of the coefficients β n and l mn , as well as the terms in (69).
Subhorizon limit
In the high-k limit, we find the following approximated Lagrangian
, are all functions of time only. The friction coefficient B is subleading in the quasistatic approximation (see next section).
The kinetic coefficients read
where we have defined
From these, it is possible to read the no ghost conditions in the high-k limit. The no-ghost condition for the field δ 2 , reads
which is always trivially satisfied for canonical matter. The other non-trivial no-ghost condition leads to
This latter condition is, in form, equal to the case of de Sitter, studied in [18] . For the ease of reading, we first decompose the mass coefficients in powers of m as
The coefficients are then given by
where we have defined ι n ≡ (4 + α)Γ 1 + nΓ 2 , for n ∈ R, and
(95)
(96)
(97)
and Γ 1 , Γ 2 , q, d, and Q are given in equations (73)- (77). From the mass coefficients, it is possible to read the scalar sound speed in the high-k limit. In particular, for modes for which
so that
whereas dust still has zero speed of propagation.
Quasistatic approximation
Using the action (70), one obtains the following equations of motion
In the quasistatic approximation, whereδ
By solving (103) for δσ 2 and substituting it to (104), one obtains the equation for δ 2 as
By comparing this with the definition of G eff ,
one can obtain
This ratio is generally different from one. In this same quasistatic approximation it is possible to show that the two gauge invariant Bardeen potentials
both satisfy the Poisson equations
where the ratio G eff /G N is given in Eq. (107), whereas
with the following coefficients
By combining both equations, one directly finds the slip parameter η, simply given by
Although we have given the general expressions for G eff and η, and their values do depend on the choice of the model and the background, we can study, for example, their behavior at early times, i.e. when ρ m → 3M 
This results shows that there is parameter space for which it is possible to have at early times a GR limit in the behavior of the growth of structure, together with a stable background, provided that 0 < M 2 P H 2 P ,XX + P ,X < 6.
V. SUMMARY AND DISCUSSION
In [18] , it was shown that the minimal theory of quasidilaton theory could be extended with a Horndeski structure to accommodate the Vainshtein screening, while retaining important features at the cosmological level. Among these are the existence of FLRW cosmologies and in particular the presence of a late-time de Sitter attractor, generally stable under perturbations. Here, we extend that work by showing that the dynamics of the quasidilaton scalar allow for an attractor that generalizes the attractor solution to the system with matter. This was expected since the attractor condition depends on the equation of motion for λ, which does not couple directly to the matter sector. The attractor thus obtained is shown to be stable in a wide range of parameters under inhomogeneous perturbations. It is sufficient to satisfy the no-ghost condition (79) and the positivity of the squared sound speed (100), in order to avoid ghostand gradient-instabilities. We have then found that the speed limit of gravitational waves coincides with the speed of light for any homogeneous and isotropic cosmological background, on or away from the attractor. Furthermore, we have studied scalar perturbations of this theory in the quasistatic approximation and found a modified gravitational constant G eff and slip parameter η for matter perturbations as shown in Eqs. (107) and (119).
This last result might be of particular interest as it is well known that it is in general hard to have a non-trivial modified-gravitational law (especially when we look for theories for which G eff < G N ), which could be in principle able to explain weak gravity. It was shown in [23] , that weak gravity can be easily achieved in the normal branch of MTMG. The minimal theory of quasidilaton massive gravity with cubic Horndeski Lagrangian, while keeping the speed of the tensor modes equal to unity, might still then be able to achieve weak gravity. Although more work is needed in order to study this interesting possibility, the phenomenology of this theory looks promising in the light of future experiments which can shed light on the behavior of gravity, e.g. in redshift-distortion-data.
In future work, it will be interesting to make contact with observations at shorter scales. While finding the modified gravitational constant was a first step in this regard, several other parameters are relevant to observations. These should in principle be obtainable in the context of the minimal theory of quasidilaton massive gravity. Due to the presence of the quasidilaton field, one originally [17] expected the presence of a fifth force, thus potentially compromising the agreement of the theory at e.g. Solar System scales. Thanks to the extension by Horndeski-type terms [18] this can in principle be avoided by the Vainshtein effect. It remains important to study how this Vainshtein mechanism works to screen the potential fifth force in detail.
